Problems
Solved

Chapter 12_Logarithms
Word Problems

The applications found here will mostly involve exponential equations. These equations
will be solved using logarithms and their properties.

Interest Problems

Compound Interest — If we start with a principal of P dollars then the amount A in an
account after t years, with an annual interest rate r compounded n times a year, is given

nt
by: A= P(1+ i)
n

A. Use the compound interest formula to solve the following.

If a $500 certificate of deposit earns 44 % compounded monthly then how much will be
accumulated at the end of a 3 year period?

Given € =Hsvo ,41:‘9(,*_;_; 7 €
Fs#é%=425%=.09;5' :5-00(/* .c:'::'zé-' /8-3
L= /R .

L0Y25
= 567.56

A He eno oF 3 yenrs e pmount /s $567.96.

A certain investment earns 83 % compounded quarterly. If $10,000 dollars is invested
for 5 years, how much will be in the account at the end of that time period?

£
Gen ¢ =410,000 A=p(1+%)"
r= g%?ﬂ = ‘8.?590 =,08#5 - /01000(/ # -037\5—)“‘5
L= A
_ (0§75 |2°
¢ = Syrs = /0,000(/«- 7
= 15,415 .42

At +he enp orF S';,gm4;4(, Account will be wortta ‘fISJ 41542

The basic idea is to first determine the given information then substitute the appropriate
values into the formula and evaluate. To avoid round-off error, use the use the calculator
and round-off only once as the last step.

Compounded Annually n=1 Compounded Semiannually n=2
Compounded Quarterly n=4 Compounded Monthly n=12
Compounded Daily n = 365
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One important application is to determine the doubling time. How long does it take for
the principal, in a compound interest account, to double?

How long does it take to double $1000 at an annual interest rate of 6.35% compounded
monthly?

log of both sides and

Gven P =3\, 000 A=p(1+ q.%)’*‘f Take the common
r=6.-35% =.,0635 2000 = /DOO (/ + ’QE? rz¢ apply the power
A= /R 2 = (/% ._%5-. 124 rule.

log2 = sa¢ - log (1+ 7z
/0g - ¢

a :'ogv(,h‘ -06ds

T=
€ x [0.9 years

‘l’&a accouﬂ—'r w-'” Dougle in a.bou:‘r /0.9 ),fe;qr".: .

The key step in this process is to take the common log of both sides so that we can apply the
power rule and solve for t. Only use the calculator in the last step and round-off only once.

How long will it take $30,000 to accumulate to $110,000 in a trust that earns a 10%
annual return compounded semiannually?

Gven 9=430,000 A=e(1+5)"°
M= /0% =./0 /10,000 = 30,000 (1 + 5= )**
=2 /0,000 0 )2t
N 30,000 = //" 2)
A=%110000
/og[-fé) = a‘?t—/og.(/v‘.os)
Ans: TH will Fake /o 2[!&1) ¢
Qbau+ 13-3}160'\".5 é?./aé(/'as-)
€x /3.3

How long will it take our money to triple in a bank account with an annual interest rate of
8.45% compounded annually?

Gwen [ =R45% = .0845 A = P(/ = i
and 7= 30 =p(1+ )"
fssume A=3 Chigle) 3 = (losys)®
/00,‘3 = é./og(/.of“/f}
Ans' Heout 13.5 yenrs LG 2 = ¢
+o Fripl . /25 (/.0845)
€= /3.5
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Make a note that doubling or tripling time is independent of the principal. In the previous
problem, notice that the principal was not given and also notice that the P cancelled.

Continuously Compounding Interest — If we start with a principal of P dollars then the
amount A in an account after t years, with an annual interest rate r compounded

continuously, is given by: A= Pe"

B. Use the continuously compounding interest formula to solve the following.

If a $500 certificate of deposit earns 44 % compounded continuously then how much
will be accumulated at the end of a 3 year period?

bwen P= 500 A= Pert
=449 =4.35% =.0425 = 5093'“’;“73)
£=3 = 500 o'
X 567.99

“Tha amaun-J' at e eno af Byrs will be $567.99

A certain investment earns 82 % compounded continuously. If $10,000 dollars is
invested for 5 years how much will be in the account after 5 years?

Given P=£/0/000 A= ()e"f
3 — o5#s(5)
r=87% =8752 =.0875 = /0,000 €
- 3PS
t=5 = /0,000 €

= /5,948%.30
The gmount at e eno a»)c Syrs will be B15,488.30

The previous two examples are the same examples that we started this chapter with. This
allows us to compare the accumulated amounts to that of regular compound interest.

Continuous Compounding n Compoundings per year Difference
$567.99 $567.86 (n=12) $0.13
$15,488.30 $15,415.42 (n=4) $72.88

As we can see, continuous compounding is better, but not by much. Instead of buying a
new car for say $20,000, let us invest in the future of our family. If we invest the
$20,000 at 6% annual interest compounded continuously for say, two generations or 100
years, then how much will our family have accumulated in that time?

A= Pe" =20,000e%% =20,000e° = 8,068,575.87

The answer is over 8 million dollars. One can only wonder actually how much that would
be worth in a century.
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Given continuous compounding we could also determine the doubling time. Instead of

taking the common log of both sides it will be easier take the natural log of both sides,
otherwise the steps are the same.

How long does it take to double $1000 at an annual interest rate of 6.35% compounded
continuously?

Take the natural log

Cwen P = #/ 000 A =dert P
L0635 -
= 635%=.0635 2000 = /ooizﬁ of both sides and
A=g 2,000 2 = ’ apply the power
2.2 = _on e.as;ﬂ‘_ (= | rule
Ans' The Accoand will _/gfl.a? = ,0635¢ - ne
dougle in aboud 10.9yrs . And = .0835¢-/ (o Ine=1

bnl/ o635 =T
£ = /0.9

The key step in this process is to take the natural log of both sides so that we can apply the
power rule and solve for t. Only use the calculator in the last step and round-off only once.

How long will it take $30,000 to accumulate to $110,000 in a trust that earns a 10%
annual return compounded continuously?

ben P=130,000 A= Pert
- ‘t
~=/0% = /0 110,000 = BOJoooe.m
A =4110,000 yo000 _ ot
30,000
Ans: ﬂg@roxtmq-l\e.\g K (5) = .10¢ Zne
/3 yemrs . an (%) _ .
./0
€ = /3 yrs

How long will it take our money to triple in a bank account with an annual interest rate of
8.45% compounded continuously?

Gven =9.45% =.0895 A= fe‘f
Qﬂc; A" :"3)0 3[9 = Pe‘osqyf
3 = e. 03¢5t
Ans: ﬁﬂomximale{y
Pn3 = 095t bne
/13 y&ﬁfﬁ .
En3 = +
-0%YS
£ = /3
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Exponential Growth/Decay Problems

Continuously compounding interest is an example of exponential growth. This idea can
be extended to a multitude of applications.

Exponential Growth / Decay Model — Given exponential growth or decay the amount P
after time t is given by the following formula: P=Pe"

Here P, is the initial amount and k is the exponential growth/decay rate.

If k is positive then we will have a growth model and if k is negative then we will have a
decay model.

C. Use the exponential growth/decay model to answer the questions.

A certain bacterium has an exponential growth rate of 25% per day. If we start with
0.5 gram and provide unlimited resources how much bacteria can we grow in 2 weeks?

6:«'/8'1 £ = .5-5/)-1
lkrls-?a = -25’-
t‘_""/'f/':/ay_f

ﬂ= /Qaekf
_ .5.6.;5'(/4//

= -563'5— X /.56

We can (3;-00\) /é-J'éfms /-r-r 2 cweec ks .

Typically the exponential growth rate will not be given. In this case we must determine
that before we can use the model to answer the question.

During its exponential growth phase, a certain bacterium can grow from 5,000 cells to
12,000 cells in 10 hours. At this rate how many cells will be present after 36 hours?

Given P, T 5,000 cells

O] ﬁkcf}’(-’ (12,000 cells in ,"Ofcri) @ Mogel :

Step 1: Use the given
information to
calculate the growth/
decay rate k.

f= Poeké

K-1o
/2,000 = So000€e
(2000 _ emk
5}000

Ine=1

n (L) = /0K lne
on(2) = K
/0

K% .0875¢7

(an(2:4)] ¢
P 50008 "

@ Anﬁwd/(. '%Q gueb'ﬁ;—-—-.

How manyg in 36 hours ?

224 (3¢)
P = 5,000 e(__?._
3.6Lm2.Y

= 5,000 €
el PG rerat

Ans: Asout 116,873 cells
(A 36 hours

Step 2: Substitute the
initial amount and k
to formulate a model.

Step 3: Use the
model to answer
the question.

Tip: Use the exact value for k and avoid round-off error. If we use the approximate,  \\//

-

rounded-off, value for k we will compound the error by rounding off again at the end
when calculating the final result.
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During its exponential growth phase, a certain bacterium can grow from 5,000 cells to
12,000 cells in 10 hours. At this rate how long will it take to grow to 50,000 cells?

é“fen Fo = 5’000
D $12d K (12000 cells in jOkes) @ hoel-

.@!(Z.V)_{.)
f= te P =s,000e 7
_ K10
12,000 = 5000 & (D Find ¢ when P=50,000 cells
= 50,000 = 5,000 €
L (56) = sk e st
&, 000 r
= 2.4) .
K= Lnfod (o) = LRt Qe
10 Knlro) _
ans! We will hrve 50,000 cells Zn(2.9)
/n ﬁ?prox:ma/cl;?' 26.3 hours . £ 2 26.3

The population of a certain city in 1975 was 65,000. In 2000 the census determined that
the population was 99,500. Assuming exponential growth, estimate the population in
2015.

Given ﬂ; & 65:.000 ooeogl'e

find k: 99 500peqple in 25 yrs (& e0ael oos .
“ P = pe“g K ’ f = é@oooe@(ﬁ% ¢
K25
?2500-‘-65;000?)'{ @ FinD € when t=4oyrs
2 2 o
! poc? = € _ (-@‘fezs??{)/zs" (4))
65, P = ¢5000€ s
on (ZE) = 25K 21 _ 45000”4206
K= n(i5)ss x /28,460

Estunale /3‘3/4150 0030//8 /m Z2ol5.

A certain animal species can double its population every 30 years. Assuming exponential
growth, how long will it take the population to grow from 40 specimens to 500?

@ ‘y(:no{ ,‘( P: paek& @ﬂ&ﬂg/ R f) = #ﬁ ef%"o'?'é)

20, = e
° &SBOK @ FJ&"ICJ 4+ colée P =soo
a = e (.&Z’t)
_onR = 30k tmne so0 = 4o &+
soo .
.gv‘lg/gg = K 4o ;
on (322) = Zatt g€
Ans: 500 specimens I 30 _on(12.5) v
obout /09.3 sears. Gz = (09.3

Problems Solved! 125-6




Chapter 12_Logarithms Word Problems

Up to this point we have seen only exponential growth. We will conclude this section
with some exponential decay applications. Often exponential rate of decay can be gotten
from the half-life information. Half-life is the amount of time it takes for a substance to
decay to half of the original amount.

If certain isotope has a half-life of 4.2 days. How long will it take for a 150 milligram
sample to decay so that only 10 milligrams are left?

biven Po = /'50#5:

_R-(.f)
@ ‘ﬂ'ﬂd K weh kﬁfﬁ-[lfe @ ‘WOJC/ ﬂ /57)8
0(" 4.2 Jayj o e
t Find ¢ @ oms
¢ = dao@“ @ té'“'") .
75 = 150X # /0 =/50€
Lnl-s)
- 42K _ 4
z =™ 7";% - g
Jn/i)fﬁé”(@rc (4) - 22, g > |
Lnlz) _ g
72 4.2.0n(7%) - ¢
K= -. 165035 =z

= /6H
—# will Fa ke abou.‘l' /éf/o(a/ys .

The half-life of carbon-14 is 5730 years. If it is determined that an old bone contains 85%
of it original carbon-14 how old is the bone?

Given P=.856, (_&((S'J ¢)
O fnd K given holflife  D-ocel: P=4,77%

c o
ok ¢ 45’?30yr5 @ Zond £ e P=. 2sf.

@zﬁeké Lnl.5) A
40, = 0" 77 S O
;_ _ K- SRIO g5 = o 4
! n(.5)
_2alt) = k5730 4E o (85) = BLD 4 Lee
nls) _ i 5730 4n(-35) _ ¢
5730 2 (-5)

rd‘ﬂb -_T-_'JL 7£¢?A/65 abou‘)(‘ /39’3 5)”5 -é = ]r'343'5
—y@f a bone 4o lese 15% of ks
car bon -1 .

To summarize, first find the growth/decay rate. Put together a mathematical model using
the initial amount and the exponential rate of growth/decay. Then use the model to
answer the question.
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Acidity Model — pH =—log(H ")
PH is a measure of the hydrogen ion concentration H * in moles of hydrogen per liter.

Remember that a logarithm without an indicated base is assumed to be base 10, the
common logarithm.

D. Use the acidity model to answer the questions.

Find the pH of a solution that has a hydrogen ion concentration of 8.7 x10°® moles/liter.

Given H* =2 Z2x10 %
gt = —log(#7)
= -—/%c,(f.?x/a“") * 20605

Here we will have to solve logarithmic equations so the process is a bit different. After
we isolate the logarithm we will then apply the definition. This will leave us with an
exponential equation.

A certain fruit has a pH of 2.2 and an antacid tablet has a pH of 10.1. How many times
more is the concentration of hydrogen ion in fruit as compared to the antacid?

of the logarithm

Fruit _gh=22 Antacip eH=/0.1
pH = —/odc((b,‘f) pH = —log(#”)
9.2 = - log (#7) /0.1 = = Jog(#?)
—2g = /o;/bﬁ ~/0-1 = fog(#") <= | Apply the definition
-2.2 # (Larger /0_/0'{ = 47 here.
XK= He?
X = Het _ Lot w9
/7(“‘" /O-/a-f /o

Frait has o l/'yprojem ion Concenteatiom. —Foat
(5 /0?'9 —more. —than Gn cantacio fablet .

An alternative method for solving the logarithmic equation above is to use the property
that says if x =y then 10" =10". ~/0.] = /"j (HE)

/0-/0. i L /0/03?(’%*)

0" = H7
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Volume of Sound Model - L=10- m(#j

Here the volume L is measured in decibels (db) and I is the intensity in watts per square
meter (W/m?).

E. Use the volume of sound model to answer the questions.
An alarm has an intensity of 5.8x10~° W/m® How loud is the alarm in decibels?

X /o;(/ o=
/0 - /o;(sgi’a /

= /0-/0;(5.8;(/0) ~ 37.¢ db

L

1

Anna can scream at 56 db and Billy can yell at 48 db. How many more times intense is
Anna’s scream than Billy’s yell?

Arna’s L =56 db

6:”1/} L= 4/5'_i£

Z:/O'/Oj(% Z = /0 /0;/ —rz.)
56 = /0 /;/ 4% = s0 - /o5 (7at)
5.6 = /oj( = 75 = fog(7%)

56 07 = =2
V(% = /0—“‘ /0
B} /0% 8. po7'* = T,
1056157 =T ) S ¢
Arser -
/074 = T2 (Zakiusidy e Lo

X-IE’ = T

—6.4
:—-In..__/p —_ 43"_
-l I

Annk’s scream 5 6.3  Limes as nlnse as billy’s .
Y
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